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We present a holographic model of a topological Weyl semimetal. A key ingredient is a time-
reversal breaking parameter and a mass deformation. Upon varying the ratio of mass to time-
reversal breaking parameter the model undergoes a quantum phase transition from a topologically
nontrivial semimetal to a trivial one. The topological nontrivial semimetal is characterised by the
presence of an anomalous Hall effect. The results can be interpreted in terms of the holographic
renormalization group (RG) flow leading to restoration of time-reversal at the end point of the RG
flow in the trivial phase.
Weyl semimetals are an exciting new class of 3D ma-
terials with exotic transport properties [1, 2]. They
are characterised by pointlike singularities in the Bril-
louin zone at which conduction and valence bands touch.
Around these points the electronic quasiparticle excita-
tions can be described by either left- or right-handed
Weyl spinors. The Nielsen-Ninomiya theorem guaran-
tees that left- and right-handed Weyl spinors always ap-
pear in pairs [3]. When time-reversal symmetry is bro-
ken the left- and right-handed quasiparticles can sit at
different points in the Brillouin zone. Effectively the
Weyl fermions are separated by an (axial) vector in the
momentum space. The wave function of a Weyl spinor
can be understood as a monopole of the Berry curva-
ture in momentum space. Left-handed Weyl fermions
have monopole charge +1 and the right-handed ones have
monopole charge −1 [4–6]. Since the monopole charge
in momentum space is a topological invariant it is still
present in fermionic two-point correlation functions when
interactions are taken into account [7]. However at strong
coupling such semiclassical reasoning based on fermionic
wave functions or correlators might not be available and
the dynamical variables are physical operators with the
quantum numbers of fermion bilinears. The question
arises then if it is possible to construct a model at strong
coupling that has the essential physical properties of a
Weyl semimetal, in particular, if there exists any strongly
coupled model in which a quantum phase transition be-
tween a topological and a topologically trivial state per-
sists even in the absence of the notion of singularities
in the dispersion relations of fermionic two-point corre-
lations functions? A tool to answer these questions is
the AdS/CFT correspondence (“holography”). It has al-
ready proved to be extremely useful for the understand-
ing of strongly correlated relativistic systems, including
superconductors [8], strange metals [9, 10], lattice sys-
tems [11], etc. In particular, the modern understand-
ing of anomaly related transport phenomena such as the
chiral magnetic and chiral vortical effects, is based to a
considerable part on research using holographic models
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Figure 1. Left panel: For b2 > M2 there are two Weyl
nodes in the spectrum. They are separated by the distance
2
√
b2 −M2 in momentum space. Right panel: For b2 < M2
the system is gapped with gap 2
√
M2 − b2.
[12–14]1.
We first review a quantum field theoretical model
model with same local properties around the band touch-
ing points as a Weyl semimetal. It takes the form of a
“Lorentz breaking” Dirac system [17] with Lagrangian
L = Ψ¯
(
i/∂ − e /A− γ5~γ ·~b+M
)
Ψ . (1)
Here /X = γµXµ, Aµ is the electromagnetic gauge poten-
tial, γµ are the Dirac matrices, and γ5 = iγ0γ1γ2γ3 allows
us to define left- or right-handed spinors via (1± γ5)Ψ =
ΨL,R. Without loss of generality we take ~b = beˆz.
The spectrum of (1) is sketched in Fig. 1. As long
as |b| > |M | the spectrum is ungapped. It is charac-
terized by band inversion and at the crossing points the
wave function is well-described by Weyl fermion. The
separation of the Weyl cones is given by 2
√
b2 −M2.
In this situation the quantum field theoretical model at
low energies can be further reduced to an effective low
energy Lagrangian of the form (1) with Meff = 0 and
~beff =
√
b2 −M2eˆz. For |b| < |M | the system is gapped
and the low energy description is simply one of a massive
Dirac fermions with beff = 0 and Meff =
√
M2 − b2.
1 Previous holographic approaches to the physics of Weyl semimet-
als [15, 16] differ from our approach in that they study holo-
graphic fermionic spectral functions.
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2The axial anomaly
∂µJ
µ
5 =
1
16pi2
εµνρλFµνFρλ + 2MΨ¯γ5Ψ (2)
implies the anomalous Hall effect [6, 18–22]
~J =
1
2pi2
~beff × ~E . (3)
Accordingly the system undergoes a quantum phase tran-
sition from the topologically nontrivial Weyl semimetal
phase to a trivial insulating phase. This is an example of
a topological phase transition not subject to the Landau
classification. In both phases the same symmetries are
broken by the nonzero values of the couplings M, b. Since
the topological phase is characterised by the presence of
the Hall effect we can take the Hall conductivity as the
order parameter of the transition. More generally addi-
tional massless Dirac fermions might be present. Then
the topologically trivial phase would not be gapped but
is itself a semimetal. The quantum phase transition is
then between a topological and a trivial semimetal. This
will be the case in our holographic model.
The anomalous Hall effect arises as a one-loop contri-
bution to the polarization tensor. Regularization ambi-
guities [23] present in the quantum field theoretical model
are resolved either by matching to a tight-binding model
[24, 25] or by considering anomaly cancellation arising
from chiral edge states at boundaries (Fermi arcs) [26].
Essentially this demands a regularization that is gauge
invariant in the presence of axial gauge fields (a source
for the axial current).
In the following, we consider the holographic action
S =
∫
d5x
√−g
[
1
2κ2
(
R+
12
L2
)
− 1
4
F 2 − 1
4
F 25
+
α
3
µνρστAµ
(
F 5νρF
5
στ + 3FνρFστ
)
− (DµΦ)∗(DµΦ)− V (Φ)
]
, (4)
where κ2 is the Newton constant, L is the AdS radius
and α is the Chern-Simons coupling constant.2 In holog-
raphy symmetries of the field theory correspond to gauge
fields in AdS space. The electromagnetic U(1) symme-
try is represented by the AdS bulk gauge field Vµ with
field strength F = dV . The axial U(1) symmetry is
represented by the gauge field Aµ with field strength
F5 = dA.
3 It is anomalous and the anomaly is repre-
sented in (4) by the Chern-Simons part of the action
with coupling constant α. The gauge invariant regu-
larization corresponds to this choice of Chern-Simons
2 Note that µνρσβ =
√−gεµνρσβ with ε0123r = 1.
3 Note the different conventions from here on.
term. It is the unique one that makes the electromag-
netic symmetry nonanomalous [27]. The mass deforma-
tion is introduced via a non-normalizable mode of the
scalar field Φ [28]. This scalar field is charged only under
the axial gauge transformation and its covariant deriva-
tive is DµΦ = (∂µ − iqAµ)Φ. The scalar field potential
is m2|Φ|2 + λ2 |Φ|4. The AdS bulk mass m2L2 = −3 is
chosen such that the dual operator has dimension three
and its source has dimension one. This matches exactly
the dimension of the dual of a mass deformation. The
electromagnetic and axial currents4 are defined as
Jµ = lim
r→∞
√−g
(
Fµr + 4αrµβρσAβFρσ
)
, (5)
Jµ5 = limr→∞
√−g
(
Fµr5 +
4α
3
rµβρσAβF
5
ρσ
)
. (6)
The model has been studied before in the probe limit in
Ref. [30].
We are looking for solutions that are asymptotically
AdS. In addition the holographic analogues of the mass
term and the time-reversal breaking parameters in (1)
are introduced via the boundary conditions at r =∞,
lim
r→∞ rΦ = M , limr→∞Az = b . (7)
Our ansatz for the zero temperature solution is
ds2 = u(−dt2 + dx2 + dy2) + dr
2
u
+ hdz2 ,
A = Azdz , Φ = φ . (8)
Note that due to the conformal symmetry at zero tem-
perature only M/b is a tunable parameter of the system.
In the following we set 2κ2 = L = 1.
Critical solution: The following Lifshitz-type solution
is an exact solution of the system.
ds2 = u0r
2(−dt2 + dx2 + dy2) + dr
2
u0r2
+ h0r
2βdz2 ,
Az = r
β , φ = φ0 . (9)
It has the anisotropic Lifshitz-type symmetry
(t, x, y, r−1) → s(t, x, y, r−1) and z → sβz. We
need to introduce irrelevant deformations to flow it to
the UV to match the boundary conditions (7). We can
use the scaling symmetry z → sz to set the coefficient
in Az to be 1. There are four constants {u0, h0, β, φ0}
that are determined by the value of λ, m and q. We
will focus on the simplest case in which there exists
only one critical solution and leave the most general
4 These are the consistent currents. Imposing the equations of mo-
tion the vector current Jµ is conserved whereas the conservation
of the the axial current Jµ5 is broken by the scalar field and by
the anomaly [28]. It is also possible to define covariant currents
by dropping the Chern-Simons terms [29].
3q, λ analysis for further research. To flow this geometry
to asymptotic AdS in the UV, we need to consider the
following irrelevant perturbation around the Lifshitz fix
point u = u0r
2
(
1 + δu rα
)
, h = h0r
β
(
1 + δh rα
)
, Az =
rβ
(
1 + δa rα
)
, φ = φ0
(
1 + δφ rα
)
. Because of the
scaling symmetry, only the sign of δφ is a free pa-
rameter and others are fully determined by δφ = ±1.
Numerics shows that only δφ = −1 corresponds to
asymptotic AdS space at the UV. From now we fix
the parameters q = 1, λ = 1/10. In this case we have
(u0, h0, β, φ0, α) ' (1.468, 0.344, 0.407, 0.947, 1.315) and
(δu, δh, δa) ' (0.369,−2.797, 0.137)δφ. We find the
critical value M/b ' 0.744, which corresponds to the
transition point.
Topological nontrivial phase: The second kind of
solution5 at leading order in the IR is
u = r2, h = r2, Az = a1 +
pia21φ
2
1
16r
e−
2a1q
r ,
φ =
√
piφ1
(a1q
2r
)3/2
e−
a1q
r ; (10)
λ appears only at higher order terms which become im-
portant when M/b is close to the critical value. We set
a1 to a numerically convenient value and we rescale to
b = 1 later on.
Starting from the near horizon solution (10), we can
numerically integrate equations towards the UV and take
φ1 as the shooting parameter to get an AdS5 to AdS5
domain wall. For our chosen values of λ and q this kind
of solution exists only for M/b < 0.744.
Topological trivial phase: The third kind of near
horizon solution to leading order is
u =
(
1+
3
8λ
)
r2, h = r2, Az = a1r
β1 , φ =
√
3
λ
+φ1r
β2 ,
(11)
where (β1, β2) = (
√
1 + 48q
2
3+8λ − 1, 2
√
3+20λ
3+8λ − 2). For our
choice of λ and q (β1, β2) = (
√
259
19 − 1, 10√19 − 2). We
can set a1 to be 1 and take φ1 as the shooting parameter
to get the AdS5 to AdS5 domain wall. We find that this
type of solution only exists for M/b > 0.744.
In Fig. 2 we show the behaviour of the scalar field
and the gauge field for all three phases at several differ-
ent values of M/b. For a given value of M/b only one of
the three types of solutions exists. Note that the value
of the gauge field on the horizon matches continuously
between the two phases whereas the value of the scalar
field on the horizon jumps discontinuously. Close to the
transition point, the near horizon geometry (10) or (11)
quickly flows to the critical solution in the intermediate
5 Similar near horizon geometries were found in [31, 32] in the
context of holographic superconductors.
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Figure 2. The bulk profile of background Az and φ for M/b =
0.695 (blue), 0.719 (green), 0.743 (brown), 0.744 (red-dashed),
0.745 (orange), 0.778 (purple), 0.856 (black).
IR region as indicated by the brown and orange curves
in Fig. 2. Adding standard holographic counterterms we
can also compute the free energy density (see the Supple-
mental Material [33]). We find a continuous and smooth
behaviour at the critical value. Note that the free energy
is independent of the Chern-Simons coupling and con-
sequently does not probe the topological nature of the
transition in contrast to the Hall conductivity.
Finite temperature solutions: In order to find finite
temperature solutions with a regular horizon at a finite
value of r we use the ansatz
ds2 = −udt2 + dr
2
u
+ f(dx2 + dy2) + hdz2 ,
A = Azdz , Φ = φ , (12)
and the conditions that at r = r0 the functions are ana-
lytic and that u has simple zero. Using the scaling sym-
metries of AdS and the constraint from the equations of
motion at the horizon r = r0 we are left with only two
dimensionless parameters. In the UV these are mapped
to M/b and T/b.
Conductivities can now be computed with the help of
a Kubo formula via retarded correlation functions
σmn = lim
ω→0
1
iω
〈JmJn〉(ω,~k = 0) . (13)
In holography the retarded Green’s functions can be ob-
tained by studying the fluctuations of the gauge fields
around the background with infalling boundary condi-
tions at the horizon.
The anomalous Hall conductivity is the off-diagonal
part of (13). We consider the following fluctuations
δVx = vx(r)e
−iωt, δVy = vy(r)e−iωt and define v± =
vx + ivy,
v′′± +
(
h′
2h
+
u′
u
)
v′± +
ω2
u2
v± ± 8ωα
u
√
h
A′zv± = 0 . (14)
Note that these are the same for the zero and fi-
nite temperature backgrounds. To solve these equa-
tions we follow the usual near-far matching method to
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Figure 3. Anomalous Hall conductivity for different temper-
atures. The solid lines correspond to our holographic model.
For T = 0 there is a sharp but continuous phase transition
at a critical value of M/b (blue) which becomes a smooth
crossover at T > 0. We show the curves for T/b = 0.1 (black),
0.05 (purple), 0.04 (red), 0.03 (brown). For comparision we
also show the result for the weak coupling model as a dashed
(green) line. Near the transition the Hall conductivity be-
haves as (σAHE/b) ∝ ((M/b)c −M/b)α with α ≈ 0.211 (to be
contrasted with the field theory model for which α = 0.5).
first impose ingoing boundary conditions at the near re-
gion solutions and match with the far region solutions
at a matching region to give the boundary condition for
the far region solutions [37]. To compute the Green’s
function we normalise the fluctuation to unity at the
boundary. The response in the current is then given by
G± = −u
√
hv′±|r=∞ ∓ 8αbω. Note that the second term
stems from the Chern-Simons current in (5). We only
need to compute the leading order in ω. For both cases
T = 0 and T > 0 we can express the result as6
σxy =
G+ −G−
2ω
= −8αAz(r0) , σxx = σyy =
√
h(r0) .
(15)
We emphasise that for T = r0 = 0 and h(0) = 0 the di-
agonal conductivities vanish at zero temperature. The
anomalous Hall effect (see Fig. 3) is determined by
the IR value of the axial gauge field. We can identify
beff = Az(r = 0). At zero temperature it is non vanish-
ing only in the second type of solutions described above.
We thus call this the topological nontrivial solution. The
third kind of zero temperature solution is characterised
by the restoration of time-reversal invariance at the end
point of the holographic RG flow Az(0) = 0.
Longitudinal conductivity: The longitudinal electric
6 Note that σAHE is defined as ~J = σAHE~eb × ~E where ~eb is the
unit vector along the Weyl nodes separation direction~b. We have
σAHE = −σxy = 8αAz(r0). For field theory model, we set α =
1
16pi2
and thus σAHE =
1
2pi2
√
b2 −M2 in the Weyl semimetal
phase. Also note that the consistent currents are used in the
main text.
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Figure 4. The transverse and longitudinal electric conduc-
tivities for different temperatures. The solid lines are for
σxx = σyy and the dashed lines are for σzz from our holo-
graphic model with T/b = 0.05 (purple), 0.04 (red), 0.03
(brown). The dashed gray line is the critical value of M/b
at the topological phase transition.
conductivity at both finite and zero temperature can be
computed from the fluctuation δVz = vze
−iωt with equa-
tion of motion
v′′z +
(f ′
f
− h
′
2h
+
u′
u
)
v′z +
ω2
u2
vz = 0 . (16)
At zero temperature we substitute f = u. We again
solve it using the semianalytic method of near-far region
matching. At zero temperature we again find σzz = 0
and for finite temperature we find
σzz =
f√
h
∣∣∣∣
r=r0
. (17)
The three types of background solutions can now be
classified according to the anomalous Hall effect. There
is a phase for M/b smaller than a critical value in which
the axial gauge field flows along the holographic direction
towards a constant but nonzero value in the IR. The end
point of this holographic flow of the axial gauge field de-
termines the Hall conductivity σAHE (or σxy). At M = 0
the flow is trivial and the Hall response is completely de-
termined by the Chern-Simons current at the boundary
of AdS space. For M 6= 0 a nontrivial flow develops, the
Hall conductivity has now two parts, a dynamical part,
that can only be determined by solving the equations (14)
and the Chern-Simons part determined by the boundary
values of the fields. At the critical value (for our choice
of parameters this is (M/b)c ' 0.744) the Hall conduc-
tivity vanishes. At this value there is a critical solution
with a nontrivial scaling exponent in the z-direction. For
even larger values of M/b the solution shows no Hall ef-
fect. The axial gauge field flows to Az = 0 in the far IR.
In contrast now the scalar field obtains a nontrivial IR
value. This corresponds to the effect that the cosmolog-
ical constant has a different value in the far IR; i.e., the
5trivial solution is a domain wall in AdS similar to the zero
temperature superconductor solutions described in Ref.
[31]. Since in holography the cosmological constant is a
measure of the effective number of degrees of freedom,
we interpret the trivial solution as one in which some of
the UV degrees of freedom are gapped out along the RG
flow. We have thus found a holographic zero temperature
quantum phase transition between a topological phase
characterised by a non-vanishing Hall conductivity and a
topological trivial phase with zero Hall conductivity. All
diagonal conductivities vanish at zero temperature.
At T 6= 0 the quantum phase transition becomes a
smooth crossover behavior. The far IR physics is cov-
ered by a horizon at some finite value of the holographic
coordinate. It is also interesting to observe the behavior
of the diagonal conductivities at finite T as a function
of M/b (see Fig. 4). We see that the transverse diag-
onal conductivities develop a peak roughly at the criti-
cal value whereas the longitudinal one develops a mini-
mum. The height of the peak and the depth of the mini-
mum grow with temperature. At M = 0 we simply have
σxx,yy,zz = piT and for large M the conductivities tend
to a value σxx,yy,zz = cpiT with c < 1 and independent
of temperature. This is consistent with the interpreta-
tion that some but not all degrees of freedom are gapped
out in the trivial phase and that the phase transition is
between a topological semimetal and a trivial semimetal.
We believe our model can serve as a starting point to
investigate the paradigm on topological ungapped states
of matter in holography and more generally without re-
sorting to the concept of Berry curvature of fermionic
wave functions in momentum space.
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FINITE (AND ZERO) TEMPERATURE EQUATIONS AND SOLUTIONS
At finite temperature, the equations of motion for the ansatz (12) are
u′′ +
h′
2h
u′ −
(
f ′′ +
f ′h′
2h
)
u
f
= 0 ,
f ′′
f
+
u′′
2u
− f
′2
4f2
+
f ′u′
fu
− 6
u
+
φ2
2u
(
m2 +
λ
2
φ2 − q
2A2z
h
)
− A
′
z
2
4h
+
1
2
φ′2 = 0 ,
1
2
φ′2 +
6
u
− u
′
2u
(
f ′
f
+
h′
2h
)
− f
′h′
2fh
− f
′2
4f2
+
1
4h
A′z
2 − φ
2
2u
(
m2 +
λ
2
φ2 +
q2A2z
h
)
= 0 ,
A′′z +
(
f ′
f
− h
′
2h
+
u′
u
)
A′z −
2q2φ2
u
Az = 0 ,
φ′′ +
(
f ′
f
+
h′
2h
+
u′
u
)
φ′ −
(
q2Az
2
h
+m2 + λφ2
)
φ
u
= 0 .
Now we have three scales T, b,M in the system. We have the following three scaling symmetries:
(I.) (x, y)→ a(x, y) , f → a−2f ;
(II.) z → az , h→ a−2h , Az → a−1Az ;
(III.) r → ar , (t, x, y, z)→ (t, x, y, z)/a , (u, f, h)→ a2(u, f, h) , Az → aAz .
The scaling symmetry I & II can be used to set the leading coefficient in front of r2 at the conformal boundary of f, h
to be 1. The third scaling symmetry can be used to set r0 to be 1 for finite temperature case.
We start from the near horizon solution and integrate it to the boundary. At the horizon we have
u = 4piT (r − r0) + . . . , (S1)
f = f1 − f1Az2 2φ
2
1m
2r20 − 24r40 + λφ41
6Az1φ21q
2r20
(r − r0) + . . . , (S2)
h = h1 + . . . , (S3)
Az = Az1 +Az2(r − r0) + . . . , (S4)
rφ = φ1 +
Az2r
2
0
Az1
(
A2z1
h1
+ m
2
q2
)
+ φ21
(
2
r0
+ Az2λAz1q2
)
2φ1
(r − r0) + . . . (S5)
where T =
Az1φ
2
1q
2
2pir20Az2
. The free parameters at the horizon are T, r0, f1, h1, Az1, Az2, φ1. With the scaling symmetries,
we only have two free parameters. In the dual field theory, these two free parameters are M/b, T/b.
Near the conformal boundary we have
u = r2 − M
2
3
+
M4(2 + 3λ)
18
ln r
r2
− Mb
3r2
+ . . . , (S6)
f = r2 − M
2
3
+
M4(2 + 3λ)
18
ln r
r2
+
f3
r2
. . . , (S7)
h = r2 − M
2
3
+
(M4(2 + 3λ)
18
+
q2b2M2
2
) ln r
r2
+
h3
r2
+ . . . , (S8)
Az = b− bM2q2 ln r
r2
+
η
r2
+ . . . , (S9)
φ =
M
r
− ln r
6r3
(2M3 + 3b2Mq2 + 3M3λ) +
O
r3
+ . . . (S10)
with h3 =
1
72 (−144f3 + 14M4 − 72MO + 9b2M2q2 + 9M4λ). We have set the non-physical free parameter related to
the shift symmetry r → r+ a in the bulk to be zero in the above expansion. We can integrate the solutions from the
horizon with different values of (M,T, b) and finally get the full solutions with different values of (M/b, T/b).
Note that from the first equation of the system we have the radially conserved quantity (
√
h(u′f −uf ′))′ = 0 which
further constrain f3 = − 13Mb + piTf1
√
h1. This is consistent with the fact that when T = 0 we have u = f. Since the
2area of the horizon is with a factor of f1
√
h1, we have f3 = − 13Mb + 14Ts with s the entropy density of the system
in the unit 16piG = 1. Also note that we have another radially conserved quantity (u′
√
hf − h′√
h
uf − AzA′z uf√h )′ = 0
from which it follows 2bη− 4MO+ b2M2q2− 3Ts+ 4Mb + (79 + λ2 )M4 = 0, thus h3 = − 13Mb + 14Ts− 12bη− 18b2M2q2.
These relations are useful when we calculate the free energy of the system.
At zero temperature, we set f = u in the ansatz (12) and this is equivalent to the ansatz (8). The equations of
motion at zero temperature reduce to four equations. With the near horizon boundary conditions (10-11) and after
fine-tunning the shooting parameter, we get the whole bulk solutions for the topological nontrivial and trivial phases.
With the near horizon condition (9) and the corresponding irrelevant perturbations, we get the zero temperature
critical solution. As an example, the dependance of the anisotropic scaling exponent β and the critical value (M/b)c
on λ for different q is shown in Fig. S1.
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Figure S1. q = 1 (blue) and q = 3/2 (red). Left: the anisotropic scaling exponent as a function of λ. Right: The critical value
of M/b as a function of λ.
TRANSVERSE CONDUCTIVITY
In this appendix, we calculate the anomalous Hall conductivity in both the topological trivial and nontrivial phases
at finite temperature and zero temperature respectively. Note that in the appendix the results are for covariant current
and the consistent current results can be found in the main text. The anomalous Hall conductivity (σxy) is defined
as the retarded Green function of currents Jx and Jy, so we consider the following fluctuations in the background of
the phases above: δVx = vx(r)e
−iωt, δVy = vy(r)e−iωt. These two modes will not source other fluctuations in the
background, so the equations of motion for these two modes are
v′′x +
(
h′
2h
+
u′
u
)
v′x +
ω2
u2
vx +
8iωα
u
√
h
A′zvy = 0 , (S11)
v′′y +
(
h′
2h
+
u′
u
)
v′y +
ω2
u2
vy − 8iωα
u
√
h
A′zvx = 0 , (S12)
in which vx and vy couple together. We can simplify these equations by defining v± = vx ± ivy, and now v± will not
couple to each other
v′′± +
(
h′
2h
+
u′
u
)
v′± +
ω2
u2
v± ± 8ωα
u
√
h
A′zv± = 0 . (S13)
We will solve these equations semi-analytically first at finite temperature and then at zero temperature. To solve
these equations we follow the usual near far matching method to first impose ingoing boundary conditions at the near
region solutions and match with the far region solutions at a matching region to give the boundary condition for the
far region solutions.
Finite temperature
At T 6= 0, the background geometry has the near horizon form (S1 - S5) in the near horizon regime r − r0  r0. We
3work in the small frequency limit ω  r0 and in the near horizon region, ω/(r − r0) can be arbitrarily large thus in
the near region r − r0  r0 we have the following form of the equations
v
(n)
±
′′
+
1
r − r0 v
(n)
±
′
+
ω2(
4piT (r − r0)
)2 v(n)± = 0 , (S14)
where we kept the leading ω2 term. Note that this equation also has a linear in ω term which is subleading compared
to other three terms and does not contribute at the leading order. However, for our purpose of calculating the Green
function at leading order in ω we need to keep explicit the dependence of the solutions on ω at linear order, which
means this linear in ω term has to be treated carefully to give the full dependence of the solutions on ω at linear
order.
We denote the solution of the equation (S14) as v
(n0)
± = (r−r0)−iω/(4piT ). Close to the boundary of the near regime,
i.e. the matching regime ω  r − r0  r0, the near horizon solution can be expanded as
v
(n0)
± = 1−
iω
4piT
ln(r − r0) . (S15)
Thus the relative coefficient for the two linearly independent solutions at the matching region 1 and ln(r − r0) is
− iω4piT .
With the solution satisfying ingoing boundary conditions known in the matching region, the easiest way to solve
for the linear ω corrections to the solutions is to work in the matching region. We can denote the solutions as
v
(n)
± = v
(n0)
± +ωv
(n1)
± where v
(n1)
± is only sourced by the constant term in v
(n0)
± at order ω. After solving for v
(n1)
± with
infalling boundary conditions, it turns out that the full linear order in ω solution at the matching region is
v
(n)
± = 1− i
ω
4piT
ln(r − r0)∓ 8αω
4piT
√
h1
Az(r) . (S16)
This gives the boundary condition at the horizon for the solutions of the far region. In the far region ω  r − r0,
we have the equation
v
(f)
±
′′
+
( h′
2h
+
u′
u
)
v
(f)
±
′ ± 8ωα
u
√
h
A′zv
(f)
± +
ω2
u2
v
(f)
± = 0 . (S17)
The solution in the far region can be expanded according to ω and the last term in the equation can be ignored for
our purpose. Here we write out the solution up to the first order in ω after matching with the boundary condition
above at the horizon:
v
(f)
± = c0 + c1
∫ r
r0+
1
u
√
h
dr˜ + ωv
(f1)
± , (S18)
where  is a small constant and c0 = 1 − iω/(4piT ) ln , c1 = −iω
√
h1, and v
(f1)
± is the order ω solution sourced by
the leading order solution which satisfies the boundary condition of the last term in (S16) at the horizon. v
(f1)
± can
be solved and we have the solution to be
v
(f1)
±
′
= ∓8α(Az(r)−Az(r0))
u
√
h
. (S19)
Thus from the solutions we can get G± = ω
( ± 8α(b − Az(r0)) + i√h(r0)) for covariant current. Since σ± =
σxy ± iσxx = ±G±ω , we have
σxy =
G+ −G−
2ω
= 8α
(
b−Az(r0)
)
, σxx = σyy =
√
h(r0) . (S20)
Zero temperature
Now we calculate the anomalous Hall conductivity in the zero temperature background with the same technique for
both the topological nontrivial and trivial phase. From the explicit form of the near horizon geometry in the main
text we can see that for both phases the equations for v± are the same in the near region at leading order
v
(n)
±
′′
+
3
r
v
(n)
±
′
+
ω2
r4
v
(n)
± = 0 (S21)
4and the solution with the infalling boundary v
(n0)
± =
−iω
r K1
[−iω
r
]
. In the matching regime ω  r  min{M, b}, the
near horizon solution can be expanded as
v
(n0)
± = 1−
ω2
4r2
(− 1 + 2γ + 2 ln [−iω
2r
])
. (S22)
As the two linearly independent solutions at the matching region is 1 and 1/r2, this expansion shows that the infalling
solutions corresponds to the solution 1 at the matching region and the ω2 term above can be ignored for our purpose.
Similar to the finite temperature case, we also need to calculate the linear order in ω correction to the near region
solution sourced by the infalling leading order solution. At matching region this gives the full linear order in ω
boundary condition as
v
(n)
± = 1 + ωv
(n1)
± , (S23)
where
v
(n1)
±
′
= ∓8α(Az(r)−Az(0))
u0r3
, (S24)
after imposing the infalling boundary condition and this sets the near horizon boundary condition for the far region
solution. In the far region ω  r, we have the equation
v
(f)
±
′′
+
( h′
2h
+
u′
u
)
v
(f)
±
′ ± 8ωα
u
√
h
A′zv
(f)
± +
ω2
u2
v
(f)
± = 0 . (S25)
The solution in the far region can be expanded according to ω and the last term can be ignored at order ω. Here
we write out the solution up to the first order in ω. With the boundary condition (S23) at the horizon, we have the
solution v
(f)
± = 1 + ωv
(f1)
± where
v
(f1)
±
′
= ∓8α(Az(r)−Az(0))
u
√
h
. (S26)
With the solutions above, we can get G± = ω
(±8α(b−Az(0))) for covariant current. Since σ± = σxy±iσxx = ±G±ω ,
we have
σxy =
G+ −G−
2ω
= 8α
(
b−Az(0)
)
, σxx = σyy = 0 . (S27)
In the topological trivial phase, we have σxy = 8αb. We can see that the formula for the anomalous Hall conductivity
is the same for the finite and zero temperature cases. From this formula we can see that the point where Az(r0) turns
to zero from a finite value signals the topological quantum phase transition.
LONGITUDINAL CONDUCTIVITY
In this appendix, we calculate the longitudinal electric conductivity at both finite and zero temperature for the
semimetal and the insulator phase at zero density. We consider the fluctuation δVz = vze
−iωt in the background,
which does not source other modes at zero density. The equation of motion for vz is
v′′z +
(f ′
f
− h
′
2h
+
u′
u
)
v′z +
ω2
u2
vz = 0 . (S28)
We again solve it using the semi-analytic matching method.
When T 6= 0, in the near horizon regime r − r0  r0 the equation reads
v(n)z
′′
+
1
r − r0 v
(n)
z
′
+
ω2(
4piT (r − r0)
)2 v(n)z = 0 (S29)
and the infalling solution is v
(n)
z = (r − r0)−iω/(4piT ). Close to the boundary of the near regime, i.e. the matching
regime ω  r − r0  r0, the near horizon solution can be expanded as
v(n)z = 1−
iω
4piT
ln(r − r0) . (S30)
5This gives the boundary condition at the horizon for the solution of far region. In the far region ω  r− r0, we have
equation v
(f)
z
′′
+
(
f ′
f − h
′
2h +
u′
u
)
v
(f)
z
′
+ ω
2
u2 v
(f)
z = 0. The solution in the far region can be expanded according to ω.
Here we write out the solution up to the first order in ω:
v(f)z = c0 − iω
∫ r
r0+
dr˜
(f/
√
h)
∣∣
r=r0
uf/
√
h
, (S31)
where c0 = 1 +O(ω). Thus the DC longitudinal conductivity at finite temperature is
σzz =
f√
h
∣∣∣
r=r0
, (S32)
which is nonzero and finite.
Let us look at T = 0. In both the topological nontrivial and trivial phases, the near region equation is
v(n)z
′′
+
3
r
v(n)z
′
+
ω2
r4
v(n)z = 0 (S33)
and the solution with the infalling boundary v
(n)
z =
−iω
r K1
[−iω
r
]
. Close to the boundary of the near regime, i.e. the
matching regime ω  r  min{M, b}, the near horizon solution can be expanded as
v(n)z = 1−
ω2
4r2
(− 1 + 2γ + 2 ln [−iω
2r
])
. (S34)
Again this means that the matching region solution 1 corresponds to the infalling solution. In the far region ω  r,
we have equation v
(f)
z
′′
+
(
f ′
f − h
′
2h +
u′
u
)
v
(f)
z
′
+ ω
2
u2 v
(f)
z = 0. The solution in the far region can be expanded according
to ω. Here we write out the solution up to the first order in ω to be v
(f)
z = 1 + O(ω2). Thus the DC longitudinal
conductivity at zero temperature
σzz = 0 . (S35)
At small frequency, the quantum critical conductivity is linear in ω. This result shows that for both the semimetal
and insulator phases, the DC electric conductivity at zero density is zero at T = 0.
DISCUSSIONS ON THE PHASE TRANSITION
The quantum phase transition between topological state and trivial phase in our letter is quite different from the
traditional thermal phase transition, which is formulated in Landau-Ginsburg-Wilson paradigm and is a consequence of
symmetry breaking. Inspired from the recent developments in Weyl semimetal, we identify the topological nontrivial
phase with non vanishing anomalous Hall conductivity and topological trivial phase as vanishing anomalous Hall
conductivity. In other words, the topological phase transition here is not related to symmetry breaking. Thus the
Landau-Ginsburg notion of the phase transition is not valid. Nevertheless, for completeness, in the following we show
the free energy of the dual system as a function of M/b.
To compute the free energy, we should calculate the regulated on-shell bulk action. We introduce a cutoff surface
r = r∞ and then we add a counterterm to cancel the divergence. The total action is
Sren = S + SGH + Sc.t. (S36)
with the Gibbons-Hawking boundary term SGH =
∫
r=r∞
d4x
√−γ(2K) and the counterterms
Sc.t. =
∫
r=r∞
d4x
√−γ
(
− 6− |Φ|2 + 1
2
(log r2)
[1
4
F 2 +
1
4
F 25 + |DmΦ|2 + (
1
3
+
λ
2
)|Φ|4
])
(S37)
which is necessary to make the variation problem well-defined and the on-shell action finite. Here γµν is the induced
metric on the boundary r = r∞ and the trace of the extrinsic curvature K = γµν∇µnν with nµ the outward unit
vector normal to the boundary.
6With the asymptotic data (S6-S10), the on-shell action is So.s = −Mb + Ts+ 2MO − 736M4 and we have the free
energy density ΩV = − 1V So.s = Mb − 2MO + 736M4 − Ts. The expectation value of the stress tensor for the dual field
theory [S1–S3] can be calculated from
Tab = 2(Kab − γabK) + 2√−γ
δSc.t.
δγab
. (S38)
We obtain the resulting total energy density for the dual field theory as  = limr∞→∞
√−γ〈T 00 〉 = Mb−2MO+ 736M4.
Thus the free energy density is ΩV = − Ts. The numerical plot for the free energy at zero temperature as a function
of M/b is in Fig. S2.
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Figure S2. The free energy density as a function of M/b. The red dot is the value of free energy density at the critical point.
Close to the transition point from both topological phase and trivial phase, we found the system is continuous and smooth.
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